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Abstract. We introduce the notion of an Eulerian graph being strongly even 
cycle decomposable, and note that a few basic classes have this property. We 
then prove that several fundamental composition operations that preserve the 
property of being Eulerian also preserve the property of being strongly even 
cycle decomposable. Our composition operations imply that all simple Euler- 
ian fc-partite graphs are strongly even cycle decomposable, with the exception 
of K 5 . 



1. Introduction 

A graph G is even cycle decomposable (ECD) if the edge set of G can be parti- 
tioned into cycles of even length. Even cycle decomposable graphs have been the 
subject of substantial attention. For a summary of relevant results we refer to the 
reader to the surveys of Jackson [3] or Fleischner p] . In addition, Huynh, Oum and 
Verdian-Rizi [5] recently proposed a conjecture that unifies many known results on 
ECD graphs. 

In this paper we instead focus on a stronger decomposition property. Namely, 
we define a graph G to be strongly even cycle decomposable (strongly ECD) if 
every subdivision of G with an even number of edges is even cycle decomposable. 
Note that strongly even cycle decomposable graphs are necessarily Eulerian and 
2-connected (after removing isolated vertices). 

One motivation for introducing strongly even cycle decomposable graphs is that 
inductive arguments tend to work more smoothly for strongly ECD graphs as op- 
posed to ECD graphs. For this reason, sometimes the easiest way to prove that a 
graph is even cycle decomposable is to prove that it is strongly even cycle decom- 
posable. In addition, there are indeed interesting classes of graphs that are strongly 
even cycle decomposable. For example, Seymour [5] proved that planar graphs that 
satisfy the obvious necessary conditions are strongly even cycle decomposable. 

Theorem 1.1 (Seymour [5 )• Every loopless 2-connected Eulerian planar graph is 
strongly ECD. 

Theorem 11.11 was generalized by Zhang [6] to graphs having no i^-minor. 

Theorem 1.2 (Zhang [6 ). Every loopless 2-connected Eulerian K§ -minor- free 
graph is strongly ECD. 
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We note that K$ is an example where the obvious necessary conditions are not 
sufficient. To see this, observe that K§ has 10 edges but every even length cycle of 
K$ is a 4-cycle. Thus, K$ is not ECD (and hence not strongly ECD). Markstrom [4 
recently gave a construction for an infinite class of 4-regular 2-connected graphs that 
are not ECD; the construction is based on a gadget that embeds K$ in an edge. 

In this paper we prove that Eulerian complete bipartite graphs are strongly ECD, 
and that several fundamental composition operations that preserve the property of 
being Eulerian also preserve the property of being strongly ECD. In doing so we 
provide evidence that in some sense, Kc, seems to be the unique obstruction to the 
strongly ECD property. In particular, we obtain the following theorem as an easy 
corollary of our results. 

Theorem 1.3. All simple Eulerian complete k-partite graphs are strongly ECD. 
except for K§ . 

Using Theorem 11.11 or Theorem 11.21 to provide base classes for our composition 
operations, we also obtain numerous strongly ECD graphs that were previously not 
known to be strongly ECD. 

The rest of the paper is organized as follows. In Section [21 we define signed 
graphs and recast our problem in their language. In Section [3] we prove that Euler- 
ian complete bipartite graphs are strongly ECD. In Sections HI El El 13 and [5] we 
introduce our composition operations and prove that they preserve the strongly 
ECD property. Finally, in Section [9] we derive Theorem 11.31 as an easy corollary of 
our composition operations. 

2. Signed graphs 

A signed graph is a pair (G, £) consisting of a graph G together with a signature 
£ C E{G). The edges in £ are odd and the other edges are even. We abuse 
terminology and define a cycle (respectively, path) in a signed graph to be even if 
it contains an even number of odd edges. To avoid confusion, we will always use 
the term even length cycle (respectively, even length path) if we need to refer to 
a cycle (respectively, path) with an even number of edges. Odd length paths and 
cycles are defined accordingly. A signed graph (G, £) is even cycle decomposable 
(ECD), if E{G) can be partitioned into even cycles. 

The relationship between even cycle decompositions of signed graphs and graphs 
is as follows. Let G be a graph and let if be a subdivision of G with \E(H)\ even. 
Consider the signed graph Qh '■= (G, £), where e G £ if and only if the subdivided 
edge in H corresponding to e has odd length. Observe that H is ECD if and only 
if Qh is ECD. Thus, we have the following equivalent definition of strongly ECD 
graphs. 

Definition 2.1. A graph G is strongly ECD if and only if for each signature £ of 
E(G), with |£| even, the signed graph (G, £) is ECD. 

For X C V(G), we let 5c(X) be the set of edges with exactly one end in X. 
We say that 5c{X) is the cut induced by X. Two signatures £i,£2 C E(G) are 
equivalent if their symmetric difference is a cut. Note that signature equivalence 
is (naturally) an equivalence relation. The operation of changing to an equivalent 
signature is called re-signing. The main reason for working with signed graphs is 
that if £i,£2 f= E{G) are equivalent signatures, then (G, £i) and (G, £2) have 
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exactly the same set of even cycles, since a cycle crosses every cut an even number 
of times. Thus, for equivalent signatures Si and £2, (G, Ex) is ECD if and only if 
(G,£ 2 ) is ECD. 

We will frequently use the following well-known lemma without explicit reference: 

Lemma 2.2 (Folklore). Let (G, £) be a signed graph. For any F C E(G) which 
does not contain a cycle, there is a signature £^ which is equivalent to E and such 
that Y, F r\F = 0. 

Lemma [2T2l can be proven easily by induction on \F\. 

We have previously noted that K 5 is not strongly ECD. On the other hand, up 
to re-signing, there is only one even size signature £ of E(K 5 ) such that (if 5, £) is 
not ECD. 

Lemma 2.3. LetT, be a signing of where |£| is even. If {K§,Yi) is not ECD, 
then E and E(K$) are equivalent. 

Proof. By Lemma 12.21 we may assume that the edges incident with a vertex u £ 
V(K^) are all even. Since the complement of a 5-cycle in K§ is another 5-cycle, 
every 5-cycle must be odd, else (if 5, E) is ECD. Every 4-cycle in K§ is the symmetric 
difference of two 5-cycles, and thus is even. Every 3-cycle is the symmetric difference 
of a 4-cycle and a 5-cycle, and thus is odd. This means all the edges in G — u arc 
odd. Therefore, E and E(K$) are equivalent since their symmetric difference is 
5({u}). □ 

The parity of a vertex v in a signed graph is the parity of the number of odd 
non-loop edges incident with v. Note that in an Eulerian signed graph, the parity 
of a vertex is invariant under re-signing. Finally, if it is clear which signature E (up 
to re-signing) is under consideration, we will often abbreviate (G, E) by G. 



3. Complete bipartite graphs 

In this section, we prove that Eulerian complete bipartite graphs are strongly 
ECD. In fact, we will need to prove something slightly stronger. Namely, after 
removing the edges of a 4-cycle from an Eulerian complete bipartite graph, the 
resulting graph is strongly ECD. 

Let us write K n , m — C4 to denote a subgraph of K n . m obtained by deleting the 
edges of a fixed 4-cycle of K„ tm . We proceed via a sequence of lemmas. 

Lemma 3.1. i^2,n is strongly ECD for all positive even integers n. 

Proof. Consider a signing E of E(Ki,n) with |E| even. Let {u, v} and {x\, . . . , x n } 
be the bipartition of Ki^ n . By re-signing, we may assume that all edges incident 
with u are even. By re-indexing vertices if necessary, we may assume that there 
exists an even index i such that the edges vx%, . . . , vxi are all odd and all the other 
edges incident with v are even. But now, 

{UX1VX2, UX3VX4, UX5VX6, . . . , UX n _iVX n } 

is an even cycle decomposition of (-f^.n, £). D 
Lemma 3.2. 1^4.4 — C4 is strongly ECD. 
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Figure 1. Three possible signatures for — C4, and corre- 
sponding even cycle decompositions. Odd edges are solid and even 
edges are dashed. 



Proof. Let G :— 4 — C4 with bipartition {a, b, c, d} and {w,x,y, z} such that 
C\ := aybz, C2 ■= cydz, and C3 := wcxd are edge-disjoint 4-cycles. Let E be a 
signing of E(G) with |E| even. If either C\ or C3 is even then (G, S) is ECD by 
Lemma [3TTI So assume Ci and C3 are both odd and therefore C2 is even. 

Note that E(C%), E(C2), and E(C%) are disjoint edge cuts. We may therefore 
assume by re-signing that each of Ci and C3 contains exactly one odd edge and that 
C2 has either zero or two odd edges. Assume without loss of generality that the 
edges ay and cw are odd. There are three cases to consider: Ci has no odd edges, 
C2 has two odd edges forming a matching (which we can choose, by re-signing), or 
C2 has two odd edges not forming a matching, which can be chosen to meet at y 
or c by re-signing. The even cycle decompositions for each of these cases are shown 
in Figure [TJ □ 



Lemma 3.3. K n rn — C4 is strongly ECD for all even integers n,m>2. 

Proof. We proceed by induction onn + m. Note, that K%j — C4 is K2J-2 (together 
with two isolated vertices), so by Lemma T3. II we may assume that n, m > 4. Next, 
by Lemma 13.21 we may assume that m > 6. Now let X := {xi,...,x n } and 
{2/1, • ■ • , 2/m} be a bipartition of K n ,m — C4, and let £ be a signing of its edges with 
|S| even. By re-indexing, we may assume that the vertices of the missing C4 arc 
{xi, X2, yi, 2/2}- Since m > 6, two vertices (say, y m -i and y rn ) must have the same 
parity. Thus, the subgraphs induced by X U {y m -i,Vm} and X U {y x , . . . , y m - 2 } 
both contain an even number of odd edges. But now we are finished since the first 
subgraph is isomorphic to K 2 , n (and hence is ECD by Lemma lO]) . while the second 
is isomorphic to K rhm ^2 — C4 (and is ECD by induction). □ 



Lemma 3.4. K n ^ m is strongly ECD for all even integers n,m > 2. 

Proof. By considering parities of vertices, it is easy to show that every even size 
signing S of such a graph must contain an even C4. So, we remove the edges of an 
even C4 and apply the previous lemma. □ 
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Figure 2. A co-claw 
4. Odd expansion 

Let G and H be simple graphs and let v <E V(G). The graph obtained from the 
disjoint union of G — v and H by joining each vertex in H to each vertex in the 
neighborhood of v (in G) is called the substitution of v by H. We may assume that 
this graph contains both G and H as a subgraph by identifying v with a vertex in 
H . In the special case that H is an odd size stable set, we refer to this operation 
as an odd expansion. (A set of vertices is called stable if no two vertices in the set 
are adjacent.) 

Lemma 4.1. If G is a simple strongly ECD graph, v G V(G), and X is an odd 
stable set, then the substitution of v by X is also strongly ECD. 

Proof. Let G' be the substitution of v by an odd stable set X. Let E be a signing 
of G' with |E| even. Let G x := G' — X and let E a := E n E{G X ). Since |E| is even 
and \X\ is odd, there exists a vertex t £ X such that the parity of t is equal to the 
parity of |Ei|. Therefore, G' — (X — t) ~ G has an even number of odd edges, and 
hence is ECD as a signed graph. The signed graph of remaining edges is a complete 
bipartite graph, and is ECD by Lemma 13.41 □ 

5. Adding apex vertices 

Let G and H be graphs. The join of G and H is the graph obtained from the 
disjoint union of G and H by joining each vertex in G to each vertex in H. In the 
special case that H has no edges, we say that the join of G and H is obtained from 
G by adding apex vertices. 

An almost even cycle decomposition of a signed graph (G, E) is a partition of 
E{G) into cycles exactly one of which is odd. 

Lemma 5.1. If G is a strongly ECD graph and E is a signing of G with |E| odd, 
then (G, E) admits an almost even cycle decomposition. 

Proof. We flip the sign of a fixed edge and then apply the fact that G is strongly 
ECD. □ 

Lemma 5.2. If G is a simple strongly ECD graph with an even number of vertices, 
then the join of G with an even stable set X of size at least 4 is also strongly ECD. 
Moreover, provided that G is not a co-claw (Figure^!, then the join of G with a 
stable set X of size 2 is also strongly ECD. 

Proof. Before starting the proof, we note that the join of a co-claw and a stable set 
of size 2 is a subdivision of K$. Therefore, the conditions of the lemma are both 
necessary and sufficient. 

Let G be a counterexample with \E(G)\ minimum, let X be an even stable set, 
and let G' be the join of G and X. Let E be a signing of G' with |E| even. If 
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|S n E(G)\ is even as well, then G" \ E(G) is ECD by Lemma [331 an d we are done. 
Thus, |SnS(G)| is odd. By Lemma UTT] (G, £nP(G)) admits an almost even cycle 
decomposition. Note that if |^(G) = 4, G has at most one cycle and removing 
it cannot leave us with a co-claw. Thus if the almost even cycle decomposition of 
(G, EnP(G)) contained an even cycle, its removal would contradict the minimality 
of G. We may therefore assume that E(G) = E(C), where G is an odd cycle. Let 
S :=V(G)\V(C). 

By Lemma 12. 2[ we may further assume that there exists i £ I such that all 
edges incident with t are even. Suppose the join of a pair of vertices in X and a 
pair of vertices in G is an odd 4-cycle D. Then G U D can be decomposed into two 
even cycles. Also, (G' \ E(C U D), £ \ E(C U D)) is ECD by LemmaES] 

We may hence assume that such a 4-cycle D does not exist. Therefore, for each 
apex vertex x £ X, the edges from x to G are either all even or all odd. By re- 
signing, we may assume they are all even. This implies that there must exist a 
vertex u £ S of odd parity, as |S| is even. We have two cases based on the size of 
X. 

Case 1. \X\ = 2. In this case, by hypothesis, we may assume that G is not a co- 
claw. Let a and b be the two vertices in X. Since u has odd parity, the edges ua and 
ub have different signs. We first suppose that G has length at least 4. We choose 
two vertices x,y £ C such that one of the x-y paths in G, say Pi, is even with at 
most two edges. Since G has length at least 4, the other x-y path P 2 has an internal 
vertex z. But then D\ — {xb, bz, za, ay} U E(Pi) and P/ 2 = {xa, au, ub, by} U E{P2) 
are even cycles. By Lemma E31 (G' \ E{D 1 U £> 2 ),£ \ E{D 1 U D 2 )) is ECD, and 
hence (G',S) is ECD. 

We may therefore assume that G is a triangle. Since G is not a co-claw, we also 
have |5| > 3. Let c and d be the endpoints of an odd edge of G and let C\ be 
the join of {c, d} and X. We first suppose that there exist si and s 2 in S with 
different parities. By symmetry we may assume that the path Pi := asib is odd 
and the path P 2 := as 2 & is even. Recall that we have re-signed so that all edges 
between X and G are even. In particular, all edges in C\ are even. Therefore, 
Pi := {e} U {ca,db} U £(Pi) and D 2 := E{C U Gi U G 2 ) \ E(D X ) is an even cycle 
decomposition of (G U C\ U G 2 , S H £(G U Gi U G 2 )). The remaining signed graph, 
(G' \ E(C U Gi U G 2 ), S \ E(C U Gi U G 2 )) is ECD by Lemma E31 

The only remaining possibility is if all vertices in S have the same parity. There- 
fore, the join of any two vertices in S and X is an even 4-cycle. By continually 
removing these 4-cycles, we may assume l^l = 3. Now, by suppressing the degree-2 
vertices, there are only two cases to consider by symmetry. Namely, all edges in C 
are odd, or exactly one edge in C is odd. Even cycle decompositions for both these 
possibilities are shown in Figure [3] 

Case 2. \X\ > 4. By applying Lemma 14.11 to the previous case, it suffices to 
assume G ~ K3, S = {u} and X = {a, b, c, d}. Again recall that G is odd, and 
we have re-signed so that all edges between G and X are even. Let xy be an 
odd edge in G. Since the paths Pi := aub and P 2 := cud have different parities, 
G U Pi U {xa, yb, xc, yd} U P 2 can be partitioned into two even cycles. We are done 
since the signed graph of remaining edges of G' is Eulerian with no odd edge, and 
hence is ECD. □ 
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V / ' „ N 1 / \ / ✓ S V / 

Figure 3. The upper triangle corresponds to the cycle G. Solid 
edges are odd and dashed edges are even. The labelled edges il- 
lustrate the union of even cycles (three on the left and two on the 
right) whose removal leaves an even 4-cycle. 

Lemma 5.3. Let G be a simple strongly ECD graph such that \V(G)\ is odd and 
G is not isomorphic to Ka . Then the join of G and K2 is strongly ECD. 

Proof. Let G' be the join of G and K%. Let G" be the join of G U {u} and a stable 
set of size 2, where u is a new isolated vertex added to G. Since G" is a subdivision 
of G", it follows that G" is strongly ECD if and only if G" is strongly ECD. Thus, 
provided G 9^ K 3 , by Lemma HT2| G' is strongly ECD. □ 

6. Substituting a vertex 

Lemma 6.1. If G is a simple strongly ECD graph, v £ V(G), and H is a simple 
strongly ECD graph with an odd number of vertices, then the substitution of v by 
H is strongly ECD provided that H is not a triangle or v has degree at least 4- 

Proof. Let G 1 be the substitution of v by H . Let E be a signing of G" with |E| 
even. If E D E(H)\ is even, then we are done by Lemma [4.11 since G" \ E(H) is 
an odd expansion of G. Thus, |E n E(H)\ is odd. By taking an almost even cycle 
decomposition of H, we may further assume that the signed graph (H, E n E(H)) 
is the disjoint union of an odd cycle C and a stable set S. Since is odd, 

there exists a vertex u 6 V(H) such that one of the following holds. 

(1) u 6 S and G' \ V(H — u) has an even number of odd edges. 

(2) u 6 S and G' \ V(H — u) has an odd number of odd edges. 

(3) S 1 = and G' \ V(H — u) has an odd number of odd edges. 

For simplicity, we refer to G' \ V(H — u) as G by identifying u and v. Define 
G" := G' \ E(G). Since G is strongly ECD, we can remove even cycles from E{G) 
until just a single cycle G' := {ua, bu} U P remains, where P is a path in G — u 
joining two neighbors a, b of u in G. Thus we may assume that E(G) — E(C'). By 
re-signing, we may further assume that all edges incident with u are even. Now we 
show that in all three cases (G', E) is ECD. 

Case (1). Note that G", after removing its isolated vertices, is the join of H — u 
and an even sized stable set. If the degree of v in G is at least 4, then we are 
done since (G", E \ E(G)) is ECD by Lemma [5.21 Thus we may assume that the 
degree of v is 2. In this case, after removing isolated vertices in G and suppressing 
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degree-2 vertices in P, we deduce that G' is the join of H with K%. Observe that 
H 9^ K3 since it contains the isolated vertex u. By Lemma [5731 (G', E) is ECD. 

Case (2). Here C is an odd cycle. Since C has at least three vertices, there are 
vertices z and w in G such that C" := azbw is an even 4-cycle. Thus, CUC'U C" 
can be decomposed into two even cycles. We are done with this case since by 
Lemma GE2 (G" \ E(C UC'U C"), £ \ E(C UC'U C")) is ECD. 

Case (3). Here u € V(C), P is odd, and S is empty. For distinct v,w € V(C) \ 
{«} we let AT(u, tu) be the subgraph induced by the edges in E(C) U E(C) U 
{i>a, vb, to, u>&}. Note that K(v,w) is a subdivision of .K5. For each v £ V"(C) 
we define p(v) to be the parity of |S Pi {va,vb}\. We first assume that there exist 
distinct v, w £ V(C) \ {u} such that both p(v) and p(it) are odd. Since K(v, w) 
contains a (subdivided) even triangle, it is ECD by Lemma 12.31 Since u is an 
isolated vertex in G' \ E(K{v, w)), we have that (G" \ E(K (v, w)),T,\ E(K{v, w))) 
is ECD by Lemma 

We may hence assume that there is at most one vertex w G V(G) \ {u} such that 
p(w) is odd. Since C is not a triangle, it has length at least 5. Therefore, there are 
distinct vertices i,t/,z£ ^(C) \ {u} such that p(x), p(y), p(z) are even. It is easy 
to verify that one of K (x, y),K(x, z) of K(y, z) (say K(x, y)) must contain an even 
(subdivided) triangle, and is hence ECD by Lemma |2~31 Again, (G'\E(K(x, y)), S\ 
E(K(x, y))) is ECD by LemmaELl □ 

7. Substituting twin vertices 

Two distinct vertices u and v of a simple graph G are twins if u and u are 
non-adjacent and have the same neighborhood. If u and v are twins of G and H 
is another graph, then the twin substitution of {u, v} by H is the graph obtained 
from the disjoint union of G — {u, v} and H by connecting each vertex in H to each 
neighbor of u in G. 

Lemma 7.1. Let G be a simple strongly ECD graph and let u and v be twin vertices 
in G. If H is a simple strongly ECD with an even number of vertices, then the twin 
substitution of {u,v} by H is also strongly ECD, provided that H is not a co-claw 
or v has degree at least 4- 

Proof. Let G' be the twin substitution of {u, v} by H . Let S be a signing of G 1 with 
|S| even. If H has an even number of odd edges, then we are done by Lemma l4.ll 
Otherwise, by taking an almost even cycle decomposition, we may assume that H 
is an odd cycle plus some isolated vertices. Suppose H has an isolated vertex, say 
w. Then the twin substitution of {u,v} by H is the same as substitution of u by 
H — w. Since H is not a co-claw, by Lemma 16.11 we may assume that H is an 
odd cycle of even length. Hence, there exist two vertices in H, say x and y, such 
that (G' — H) U S({x, y}, N(u)) ~ G has an odd number of odd edges. (Here, N(u) 
denotes the set of neighbors of u in G.) Fix z £ N(u), and let Go be the signed graph 
obtained by flipping the sign of the edge xz in (G' — H) U S({x, y}, N(u)). Let Co 
be an even cycle decomposition of Go, and let C± and G2 be cycles in Co containing 
xz and yz respectively (possibly C\ = G2). Note that in (G' — H) U8({x, y}, N(u)), 
C\ is odd and x and y are non-adjacent. Therefore, C\ UG2 can be partitioned into 
two edge disjoint x-y paths of different parities. It follows that H U C\ U G2 can be 
partitioned into two even cycles, and thus H U E(Cq) is ECD. The signed graph of 
remaining edges is ECD by Lemma I3T41 □ 
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8. Joins and Apex Joins 

Lemma 8.1. Let G be a disjoint union of strongly ECD graphs. The join of G and 
a stable set of size two is strongly ECD, provided that \V(G)\ is even and G is not 
a co-claw. 

Proof. Let G' be the join of G and the stable set {u, v}. Suppose G consists of n 
odd connected components and m even connected components. Thus G' can be 
obtained from K2, n +2m by n substitutions and m twin substitutions. We proceed by 
induction on N , the number of components in G isomorphic to A 3 . If N = 0, then 
G' is strongly ECD by Lemmas 16. II and |7. II Suppose N > 1. Let S be a signing of 
E(G') with |S| even. Let Hi, . . . , H n+m be the components of G. By considering 
even (or almost even) cycle decompositions of each Hi, we may assume that each 
component is an isolated vertex or an odd cycle. At least one component, say Ci, 
is odd and isomorphic to A3, else N = 0. By Lemma 15. 2\ we may assume that 
another component, say G2, is also an odd cycle. By a simple parity argurment, 
for each i = 1,2, there are vertices Xi,yi in C\ such that G[ := uxivyi is an even 
4-cycle. Then G\ UG2 UC( UG 2 can be decomposed into two even cycles, and hence 
its removal from G 1 yields the join of {u, v} and a graph with smaller N. □ 

Lemma 8.2. The join of two co-claws is strongly ECD. 

Proof. Let G be the join of two co-claws. Let C\ and G2 be the components in 
the co-claws isomorphic to A3. Let £ be a signing of G with |E| even. We may 
assume that G\ and G2 are both odd, else we can apply Lemma l5.2l Let xi and yi 
be two distinct vertices in Ci. By an easy parity argument, there are vertices Xi 
and 2/2 in C2 such that C :— Xix-xyiy<i is an even 4-cycle. Then C U Ci U C2 can be 
decomposed into even cycles. The remaining edges of G can be decomposed into 
even cycles by Lemma l3~3l □ 

Corollary 8.3. If Gi and G2 are both disjoint unions of simple strongly ECD 
graphs with |V(Gi)| and |V(G2)| both even, then the join of Gi and G2 is also 
strongly ECD, provided that it is not the join of a co-claw and a stable set of size 
two. 

Proof. If either Gi or G2 is a stable set of size 2, then we are done by Lemma \8. II 
Thus, |V(Gi)|, |V(G2)| > 4. Suppose that Gi consists of 01 odd connected com- 
ponents and ei even connected components, and G2 consists of 02 odd connected 
components and e 2 even connected components. Since |V(Gi)| and |V(G2)| are 
both even, note that 01 and 02 are also both even. Let G be the join of Gi and G2 . 
Then G can be obtained by starting from A 0l+ 2 ei ,o 2 +2e 2 and performing 01 + o 2 
substitutions and ei + e2 twin substitutions. Now, if 01 + lei > 4 or 02 4- 2e2 > 4, 
then we are done by Lemmas 18.11 16.11 and 17.11 Thus, 01 + 2ei — 2 = 02 + 2e2. By 
Lemma 18.21 we may assume that Gi is not a co-claw. Let G[ be the join of Gi 
with a stable set of size two. By Lemma l8~Tl G[ is strongly ECD. But now the join 
of Gi and G2 can be obtained from G\ by two substitutions or a twin substitution, 
and is hence strongly ECD by Lemma 16.11 or Lemma 17.11 □ 

Lemma 8.4. Let G and H be simple strongly ECD graphs with an odd number of 
vertices. If \V(G)\ > 5, then the graph obtained by adding an apex vertex to the 
join of G and H is also strongly ECD. 
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Proof. Let u and v be distinct vertices of K3. Since |V(G)| > 5, substituting G for 
u in K3 yields a strongly ECD graph G' by Lemma RTTl Since v now has degree at 
least six in G", substituting H for v in G' yields another strongly ECD graph G" . 
But G" is precisely the join of G and H together with an apex vertex. □ 

9. Our Main Theorem 

In this section we derive Theorem 11.31 as a corollary of our composition opera- 
tions. 

Lemma 9.1. If n is odd, then K n is strongly ECD unless n = 5. 

Proof. Clearly K\ and if 3 are both strongly ECD, so by Lemma T5.3I it suffices to 
show that if 7 is strongly ECD. To see this, start with if 3. By substituting a vertex 
of if 3 with a stable set of size 3, it follows that if 5 minus the edges of a triangle is 
strongly ECD. Again by Lemma l5~3l we have that if 7 minus the edges of a triangle 
is strongly ECD. Now consider a signing S of E(K^ with |S| even. It suffices to 
show that (K7, S) must contain an even triangle. To see this, re-sign so that each 
edge of a spanning star T is even. Since = 6, |l?(if7)| = 21, and |S| is even, 

there must exist another even edge e ^ E(T). Thus, TUe contains an even triangle, 
as required. □ 

We finish with the promised proof of Theorem 11.31 

Theorem 11.31 Every Eulerian complete r-partite graph is strongly ECD, except 
forK 5 . 

Proof. Let if = K ni! ... j7lr be a complete Eulerian r-partite graph. First observe 
that if each is even, then if is strongly ECD since we may build if by starting 
from K ni ^ n2 and repeatedly applying Lemma 15.21 The remaining case is if some 
nj is odd. Since G is Eulerian, it must be the case that all ni are odd and r is 
odd. By Lemma EUl we have that K n is strongly ECD for all odd n ^ 5. Thus, 
by substituting stable sets for vertices of K r , we are done unless r = 5. For r = 5, 
it suffices to show that ^3,1,1,1,1 is strongly ECD. To see this we apply Lemma 18^41 
with G = if 3, 14 and H = K\. □ 
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